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CATEGORICAL FERMIONIC ACTIONS AND
MINIMAL MODULAR EXTENSIONS
CE´SAR GALINDO AND CE´SAR F. VENEGAS-RAMI´REZ
Abstract. The purpose of this paper is to study minimal mod-
ular extensions of braided fusion categories doing emphases in mi-
nimal modular extensions of super-Tannakian fusion categories.
We define actions of finite super-groups on fermionic fusion cat-
egories and spin-braided fusion categories. Similar to the case of
groups, our motivation came from the study of fusion categories
containing the representation category of a super-group. We de-
velop many analog results to the Tannakian case, including coho-
mological obstructions, relation with braided G-crossed categories
and minimal modular extensions. We apply the general results to
the construction and classification of minimal modular extensions
of super-groups and braided fusion categories. In particular, we ex-
hibit some examples of braided fusion categories without minimal
modular extensions.
1. Introduction
The purpose of this paper is to study minimal modular extensions of
braided fusion categories doing emphases in minimal modular exten-
sions of non-Tannakian symmetric fusion categories.
Let B be a premodular fusion category. Minimal modular extensions
were defined by Michael Mu¨ger in [Mu¨g03] as a modular categoryM⊃
B such the centralizer of Z2(B) inM is B, where Z2(B) is the Mu¨ger’s
center of B.
Following [LKW16], we will denote the set of equivalence classes of
modular extensions of B by Mext(B). In [LKW16], they proved that if
E is a symmetric fusion category, Mext(E) has a natural abelian group
structure and for a general pre-modular category Mext(B) is a torsor
(possible empty) over Mext(Z2(B)). Hence the results in [LKW16]
reduce the problem of constructing all minimal modular extensions of
a pre-modular category B to the following steps:
(1) Determining if Mext(B) is empty or not. If Mext(B) is not
empty to construct one minimal extension of B.
(2) Constructing all minimal extension of Z2(B)
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In an unpublished note, Drinfeld constructs examples of pre-modular
categories without minimal modular extensions. In Theorem 4.8 we
present some necessary and sufficient conditions for the existence of
minimal modular extensions. However, the existence of minimal exten-
sions for an arbitrary slightly non-degenerated braided fusion categories
is an open problem.
On the other hand, if Rep(G) is the symmetric fusion category of
representation of a finite groups G, the groups Mext(B) is isomorphic
to H3(G,C×) and the associated minimal extension are the twisted
Drinfeld doubles Z(VecωG), see [LKW16]. Hence, our main interest is
to study the case of the category of representations of super-Tannakian
symmetric fusion categories, that is, the category of representations
of finite super-groups. This interest is what motivates the definition
of categorical fermionic action of a super-group on a fermionic fusion
category.
The paper is organized as follows.
In Section 2 we recall necessary definitions and results about fu-
sion categories, braided and symmetric fusion categories and actions of
groups on a fusion categories.
Section 3 develops the theory of fermionic actions on fermionic fu-
sion categories and spin-braided fusion categories. In Theorem 3.14
and Corollary 3.15 we prove a 2-equivalence between the 2-category
of fermionic fusion categories with fermionic action of a super-group
(G˜, z) and the 2-category of fusion categories over Rep(G˜, z); analog
to [DGNO10, Theorem 4.18]. We define a cohomological obstruction
to the existence of fermionic action and also a group theoretical inter-
pretation of this obstruction. Finally, we present some results about
fermionic actions on non-degenerate spin-braided fusion categories of
dimension four.
In Section 4 we study minimal non-degenerate extensions of the cate-
gory of representations of a super-group (G˜, z). In 4.2we establish
necessary and sufficient conditions for the existence of a minimal non-
degenerated extension of fusion category. also in Corollary 4.9, we have
proved that certain group homomorphism between the minimal non-
degenerated extensions of Rep(G˜, z) and SVec is surjective if and only
if the super-group (G˜, z) is trivial. In Subsection 4.3, we present some
examples of braided fusion categories without minimal non-degenerate
extension. Finally, continuing with the study of fermionic actions on
pointed spin-braided fusion categories of rank four, we study their H4-
obstruction.
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Finally, in Appendix 5 we recall some results on group cohomology
that are necessary to understand some of the results in the paper.
2. Preliminaries
In this section, we recall some basic definitions and standard notions
about fusion categories. Much of the material here can be found in
[DGNO10] and [EGNO15].
2.1. Fusion categories. By a fusion category we mean a C-linear
semisimple rigid tensor category C with finitely many isomorphism
classes of simple objects, finite dimensional spaces of morphisms and
such that 1, the unit object of C, is simple. By a fusion subcategory of
a fusion category we mean a full tensor abelian subcategory.
A fusion category is called pointed if all its simple objects are invert-
ible. For a fusion category C we denote Cpt the maximal pointed fusion
subcategory of C.
For a fusion category C we denote by Irr(C) the set of isomorphism
classes of simple objects in C.
The Grothendieck ring of a fusion category C will be denoted K0(C).
There exists a unique ring homomorphism FPdim : K0(C) → R such
that FPdim(X) > 0 for any X ∈ Irr(C), see [EGNO15, Proposition
3.3.6]. The Frobenius-Perron dimension of a fusion category C is defined
as
FPdim(C) =
∑
X∈Irr(C)
FPdim(X)2.
2.2. Braided fusion categories. A fusion category B is called braided
if it is endowed with a natural isomorphism
cX,Y : X ⊗ Y → Y ⊗X, X, Y ∈ C,
satisfying the hexagon axioms, see [JS93].
If D is a full subcategory of B, the centralizer of D respect to B is
defined as the full subcategory
CB(D) := {Y ∈ B : cY,X ◦ cX,Y = idX⊗Y for all X ∈ D}.
The Mueger’s center of B is the fusion subcategory Z2(B) := CB(B),
that is,
Z2(B) = {Y ∈ B : cY,X ◦ cX,Y = idX⊗Y , for all X ∈ B}.
A braided fusion category B is called symmetric if Z2(B) = B, that
is, if cY,X ◦ cX,Y = idX⊗Y for each pair of objects X, Y in B.
Symmetry fusion categories are equivalent to one of the following
two examples:
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(a) Tannakian categories. The category Rep(G) of finite dimensional
complex representation of a finite group G, with standard braiding
cX,Y (x⊗ y) := y ⊗ x for x ∈ X and y ∈ Y .
(b) Super-tannakian categories. A finite super-group is a pair (G, z),
where G is a finite group and z is a central element of order two.
An irreducible representation of G is called odd if z acts as the
scalar −1, and even if z acts as the identity. If the degree of a
simple object X is denoted by |X| ∈ {0, 1}, then the braiding of
two simple object X , Y is
c′X,Y (x⊗ y) = (−1)|X||Y |y ⊗ x.
The category Rep(G) with the braiding c′ is called a super-Tannakian
category, and will be denoted by Rep(G, z).
The super-tannakian category Rep(Z/2Z, 1) is called the category of
super-vector spaces and will be denoted by SVec.
In [Del02], Deligne establishes that every symmetry fusion category
is braided equivalent to Rep(G) or Rep(G, z) for a unique finite group
G or super group (G, z).
A braided fusion category (B, c) is called non-degenerate if Z2(B) ∼=
Vec. For spherical braided fusion categories, non-degeneracy is equiva-
lent to modularity, that is, the invertibility of the S-matrix, see [DGNO10].
If B is braided fusion category there is a canonical group homomor-
phism
Ξ : Inv(B)→ K̂0(B), Ξ(Xi)(Xj) = cXj ,Xi ◦ cXi,Xj .(1)
If B is non-degenerate we have that Ξ is an isomorphism, see [GN08,
section 6.1].
Example 2.1 (Pointed braided fusion categories). Let B be a pointed
braided fusion category. The set of isormorphism classes of simple
objects A := G(B) is an abelian group with product induced by the
tensor product.
The associativity constraint defines a 3-cocycle ω ∈ Z3(A,C×). The
braiding defines a function c : A × A → C× satisfying the following
equations:
c(g, hk)
c(g, h)c(g, k)
=
ω(g, h, k)ω(h, k, g)
ω(h, g, k)
c(gh, k)
c(g, k)c(h, k)
=
ω(g, k, h)
ω(g, h, k)ω(k, g, h)
,
for all g, h, k ∈ A.(2)
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These equations come from the hexagon axioms. A pair (ω, c) satisfying
(2) is called an abelian 3-cocycle. Following [EML53, EML54] we denote
by Z3ab(A,C
×) the abelian group of all abelian 3-cocycles (ω, c).
An abelian 3-cocycle (ω, c) ∈ Z3ab(A,C×) is called an abelian 3-
coboundary if there is α : A×2 → C×, such that
ω(g, h, k) =
α(g, h)α(gh, k)
α(g, hk)α(h, k)
,
c(g, h) =
α(g, h)
α(h, g)
,
for all g, h, k ∈ A.
andB3ab(A,C
×) denotes the subgroup of Z3ab(A,C
×) of abelian 3-coboundaries.
The quotient group H3ab(A,C
×) := Z3ab(A,C
×)/B3ab(A,C
×) is called the
third group of abelian cohomology of A.
If (ω, c) ∈ Z3ab(A,C×) the map
q : A→ C×, q(l) = c(l, l), l ∈ A,
is a quadratic form on A; that is, q(l−1) = q(l) for all l ∈ A and the
symmetric map
bq(k, l) := q(kl)q(k)
−1q(l)−1, k, l ∈ A,
is a bicharacter.
The quadratic form q determines completely the abelian cohomology
class of the pair (w, c), see [EML54, Theorem 26.1].
Since bq(g, h) = c(g, h)c(h, g), we have that
Z2(A) := {g ∈ A : bq(g, h) = 1, for all h ∈ A}.
Since bq only depends on the abelian cohomology class of (ω, c), the
same is true of Z2(A). The braided fusion category Vec(ω,c)A is non-
degenerate if bq is a non-degenerate symmetric bicharacter.
2.3. Drinfeld center of a fusion category. An important class of
non-degenerate fusion categories can be constructed using the Drin-
feld center Z(C) of a fusion category (C, a, 1), see [DGNO10, Corolary
3.9]. The center construction produces a non-degenerate braided fu-
sion category Z(C) from any fusion category C. Objects of Z(C) are
pairs (Z, σ−,Z), where Z ∈ C and σ−,Z : − ⊗ Z → Z ⊗ − is a natural
isomorphism such that the diagram
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Z ⊗ (X ⊗ Y ) aZ,X,Y // (Z ⊗X)⊗ Y
(X ⊗ Y )⊗ Z
σX⊗Y,Z
66♠♠♠♠♠♠♠♠♠♠♠♠
aX,Y,Z ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
(X ⊗ Z)⊗ Y
σX,Z⊗idY
hh◗◗◗◗◗◗◗◗◗◗◗◗
X ⊗ (Y ⊗ Z)
idX ⊗σY,Z
// X ⊗ (Z ⊗ Y )
a−1
X,Z,Y
66♠♠♠♠♠♠♠♠♠♠♠♠
commutes for all X, Y, Z ∈ C. The braided tensor structure is the
following:
• the tensor product is (Y, σ−,Y ) ⊗ (Z, σ−,Z) = (Y ⊗ Z, σ−,Y⊗Z),
where
σX,Y⊗Z : X ⊗ Y ⊗ Z → Y ⊗ Z ⊗X, X ∈ C,
σX,Y⊗Z = aY,Z,X(idY ⊗ σX,Z)a−1Y,X,Z(σX,Y ⊗ idZ)aX,Y,Z .
• the braiding is the isomorphism σX,Y ,
By [EGNO15, Proposition 9.3.4] for any fusion category C we have
FPdim(Z(C)) = FPdim(C)2.
For a braided fusion category B there is braided embedding functor
B → Z(B), X 7→ (X, c−X).
2.4. Groups actions on fusion categories. Let C be a fusion cate-
gory. We will denote by Aut⊗(C) the monoidal category where objects
are tensor autoequivalences of C, arrows are tensor natural isomor-
phisms and the tensor product is the composition of tensor functors.
An action of a finite group G on C is a monoidal functor ∗ : G →
Aut⊗(C), where G denote the discrete monoidal category with object
the elements of G and tensor product given by the multiplication of G.
Let G be a group acting on C with action ∗ : G→ Aut⊗(C), thus we
have the following data
• braided tensor functor g∗ : C → C, for each g ∈ G,
• natural tensor isomorphisms φ(g, h) : (gh)∗ → g∗ ◦ h∗, for all
g, h ∈ G;
satisfying some coherence conditions, see for example [Tam01, Section
2]. An action in this sense is also called bosonic action.
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Example 2.2. Let G and A be finite groups. Given ω ∈ Z3(A, k×), an
action of G on VecωA is determined by a homomorphism ∗ : G→ Aut(A)
and normalized maps
µ : G×A×A→ k×
γ : G×G×A→ k×
such that
ω(a, b, c)
ω(g∗(a), g∗(b), g∗(c))
=
µ(g; b, c)µ(g; a, bc)
µ(g; ab, c)µ(g; a, b)
,
µ(g; h∗(a), h∗(b))µ(h; a, b)
µ(gh; a, b)
=
γ(g, h; ab)
γ(g, h; a)γ(g, h; b)
,
γ(gh, k; a)γ(g, h; k∗(a)) = γ(h, k; a)γ(g, hk; a),
for all a, b, c ∈ A, g, h, k ∈ G.
The action is defined as follows: for each g ∈ G, the associated
braided tensor functor g∗ is given by g∗(Ca) := Cg∗(a), constraint ψ(g)a,b =
µ(g; a, b)idCab and the tensor natural isomorphism is
φ(g, h)Ca = γ(g, h; a)idCa ,
for each pair g, h ∈ G, a ∈ A.
Example 2.3. Non-degenerate braided pointed fusion categories were
classified in [DGNO10, Appendix A.3], in terms of the metric group
associated. We will present abelian 3-cocycles associated to the metric
groups of [DGNO10, Lemma A.11]. For this, we will identify the group
of all roots of the unity in C with Q/Z
Non-degenerate braided pointed fusion categories can be divided into
two cases according to their fusion rules:
(1) Fusion rules as Z/2Z⊕ Z/2Z.
Let A := {0, v, f, v + f : 2f = 0, 2v = 0} and k ∈ Q/Z such that
4k = 0. We define (ωk, ck) ∈ Z3ab(A,Q/Z) as follows: If x = xvv+ xff ,
y = yvv + yff , and z = zvv + zff then
ωk(x, y, z) =
{
0 if yv + zv < 2
2kxv if yv + zv ≥ 2,
ck(x, y) =
1
2
(xv + xf)yf + kxvyv
The case k = 0 corresponds to the Drinfeld center of VecZ/2Z also
called the Tori Code MTC. The case k = 1
4
, corresponds to (D4, 1) also
called three fermion MTC. The case k = ±1
4
corresponds to two copies
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of Semion MTC. See [RSW09] for more details about the classification
of modular categories of rank four.
(2) Fusion rules as Z/4Z.
Let A := {0, v, f, v + f : 2f = 0, 2v = f} and k ∈ Q/Z such that
4k = 1
2
. We define (ωk, ck) ∈ Z3ab(A,Q/Z) as follows: If x = xvv,
y = yvv, and z = zvv then
ωk(x, y, z) =
{
0 if yv + zv < 4
1
2
if yv + zv ≥ 4
,
ck(x, y) = kxvyv.
In all cases, the quadratic form q : A→ Q/Z is given by
q(f) =
1
2
, q(v) = q(v + f) = k, q(0) = 0,
and the number k = q(v) ∈ { s
8
: 0 ≤ s < 8} is a complete invariant.
Following the notation of Example 2.2, we define a bosonic action of
the cyclic group of order two C2 = 〈u〉 on Vec(ωk ,ck)A :
Case 1: A = {0, v, f, v + f : 2f = 0, 2v = 0}.
u∗(f) = f, u∗(v) = v + f,
µ(u;−,−) v f f + v
v 1/2 1/2 0
f 0 0 0
f + v 1/2 1/2 0
γ(u, u;−) v f f + v
1
4
0 1
4
(3)
Case 2: A = {0, v, f, v + f : 2f = 0, 2v = f}.
u∗(f) = f, u∗(v) = v + f,
µ(u;−,−) v f f + v
v 0 1/2 0
f 0 0 0
f + v 0 1/2 0
γ(u, u;−) v f f + v
0 0 1
4
(4)
2.4.1. Equivariantization. Given an action ∗ : G→ Aut⊗(C) of a finite
group G on C, the G-equivariantization of C is the fusion category
denoted by CG and defined as follows. An object in CG is a pair (V, τ),
where V is an object of C and τ is a family of isomorphisms τg : g∗(V )→
V , g ∈ G, such that
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τgh = τgg∗(fh)φ(g, h),
for all g, h ∈ G. A G-equivariant morphism σ : (V, τ) → (W, τ ′)
between G-equivariant objects is a morphism σ : V → W in C such
that τ ′g ◦ g∗(σ) = σ ◦ τg, for all g ∈ G. The tensor product defined by
(V, τ)⊗ (W, τ ′) := (V ⊗W, τ ′′),
where
τ ′′g = τg ⊗ τ ′gψ(g)−1V,W ,
and the unit object is (1, id1).
2.4.2. The de-equivariantization. Let C be a fusion category and Rep(G) ⊂
Z(C) a Tannakian subcategory which embeds into C via the forgetful
functor Z(C) → C. The algebra O(G) of functions on G is a commu-
tative algebra in Z(C). The category of left O(G)-modules in C is a
fusion category, called de-equivariantization of C by Rep(G), and is de-
noted by CG, see [DGNO10] for more details. It follows from [DGNO10,
Lemma 3.11] that
FPdim(CG) = FPdim(C)|G| .
2.4.3. Obstruction theory to bosonic actions. In this subsection we will
recall briefly the construction of the H3-obstruction associated with a
group homomorphism ρ : G → Aut⊗(C), where Aut⊗(C) denotes the
group of equivalence classes of tensor auto-equivalences of C.
Definition 2.4. Let ρ : G → Aut⊗(C) be a group homomorphism,
where C is a fusion category and G is a group. A lifting of ρ is a
monoidal functor ρ˜ : G→ Aut⊗(C) such that the isomorphism class of
ρ˜(g) is ρ(g) for each g ∈ G.
Let C be a fusion category and
K̂0(C) := {f : K0(C)→ C× : f(X⊗Y ) = f(X)f(Y ), ∀X, Y ∈ Irr(C)}.
Thus K̂0(C) is an abelian group and for every tensor autoequivalence
F ∈ Aut⊗(C), the abelian group Aut⊗(F ) can be canonically identified
with K̂0(C).
Let ρ : G → Aut⊗(C) be a group homomorphism. Since G acts
on K0(C), G also acts on K̂0(C). Let us fix a representative tensor
autoequivalence Fg : C → C for each g ∈ G and a tensor natural
isomorphism θg,h : Fg ◦ Fh → Fgh for each pair g, h ∈ G. Define
O3(ρ)(g, h, l) ∈ K̂0(C) by the commutativity of the diagram
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(5)
Fg ◦ Fh ◦ Fl
Fg(θh,l)

(θg,h)Fl // Fgh ◦ Fl
θgh,l

Fghl
O3(ρ)(g,h,l)

Fg ◦ Fhl
θg,hl // Fghl.
Proposition 2.5. [Gal11, Theorem 5.5] Let C be a fusion category and
ρ : G → Aut⊗(C) a group homomorphism. The map O3(ρ) : G×3 →
K̂0(C) defined by the diagram (5) is a 3-cocycle and its cohomology
class only depends on ρ. The map ρ lifts to an action ρ˜ : G→ Aut⊗(C)
if and only if 0 = [O3(ρ)] ∈ H3ρ(G, K̂0(C)). In case [O3(ρ)] = 0 the set
of equivalence classes of liftings of ρ is a torsor over H2ρ(G, K̂0(C)).
3. actions of super-groups on fermionic fusion categories
3.1. Fermionic fusion categories.
Definition 3.1. Let C be a fusion category. An object (f, σ−,f) ∈ Z(C)
is called a fermion if f ⊗ f ∼= 1 and σf,f = −idf⊗f .
(a) A fermionic fusion category is a fusion category with a fermion.
(b) A braided fusion category (B, c) with a fermion of the form (f, c−,f)
is called a spin-braided fusion category.
Remark 3.2. (a) If (f, σ−,f) is a fermion, f is not isomorphic to 1. In
fact, by definition of the half braiding, id1 = σ1,1.
(b) If (f, σ−,f) ∈ Z(C) is a fermion, the fusion subcategory 〈(f, σ−,f)〉
of Z(C) is braided equivalent to SVec. In other words, a fermionic
fusion category (C, (f, σ−,f)) is just a fusion category over SVec in
the sense of [DGNO10, Definition 4.16].
Example 3.3 (pointed categories of rank four as spin-braided fusion
categories). Consider the braided pointed fusion categories Vec
(ωk ,ck)
A
presented in Example 2.3. According to Definition 3.1, (f, c−,f)) is a
fermion in Vec
(ωk,ck)
A ; therefore (Vec
(ωk,ck)
A , f) is a pointed spin-braided
fusion category.
Example 3.4 (Fermionic pointed fusion categories). It follows from
[BGH+17, Proposition 2.2], that there is a correspondence between
fermions in VecωG and pairs (f, η), where η : G→ C× and
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(a) f ∈ Z(G) of order two,
(b) η(x)η(y)
η(xy)
= w(f,x,y)w(x,y,f)
w(x,f,y)
for all x, y ∈ G,
(c) w(x,f,f)w(f,x,f)
w(x,f,f)
η(x)2 = 1 for all x ∈ G.
(d) η(f) = −1.
Example 3.5 (Ising categories as spin-braided fusion categories). By
an Ising fusion category we understand a non-pointed fusion category
of Frobenius-Perron dimension 4, see [DGNO10, Appendix B].
The Ising categories have 3 classes of simple objects 1, f, σ. The
Ising fusion rules are
σ2 = 1 + f, f 2 = 1, fσ = σf = σ.
The associativity constraints are given by the F -matrices
F σσσσ =
ǫ√
2
(
1 1
1 −1
)
, F σfσf = F
f
σfσ = −1,
where ǫ ∈ {1,−1}.
The Ising fusion categories admit braided structures, and in all cases
f is a fermion. An Ising braided fusion category is always non-degenerate
and Ipt = 〈f〉 ∼= SVec. In [DGNO10, Appendix B], was proved that
there are 8 equivalence classes of Ising braided fusion categories.
3.2. Fermionic actions on fermionic fusion categories. Recall
that a finite super-group is a pair (G, z), where G is a finite group and
z ∈ G is central element of order two.
If (G˜, z) is a super-group, the exact sequence
1 −→ 〈z〉 −→ G˜ −→ G˜/〈z〉 −→ 1,
defines and is defined, by a unique element α ∈ H2(G˜/〈z〉,Z/2Z).
From now on we will identify a super-group (G˜, z) with the associated
pair (G,α), where G := G˜/〈z〉 and α ∈ H2(G,Z/2Z).
Before presenting the definition of action of a super-group we need
a lemma.
Lemma 3.6. Let G be a group. There is a canonical correspondence
between equivalence classes of monoidal functors ρ˜ : G −→ Aut⊗(SVec)
and elements of H2(G,Z/2Z).
Proof. Since every tensor autoequivalence of SVec is monoidally equiv-
alent to the identity, there is a unique group homomorphism ρ : G →
Aut⊗(SVec). The lemma follows from Proposition 2.5, using that
̂K0(SVec) ∼= Z/2Z. 
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Definition 3.7. Let (C, (f, σ−,f)) and (C′, (f ′, σ′−,f ′)) be a fermionic
fusion categories. A tensor functor (F, τ) : C → C′ is called a fermionic
tensor functor if F (f) ∼= f ′ and the diagram
(6) F (V ⊗ f)
τV,f

F (σV,f ) // F (f ⊗ V )
τf,V

F (V )⊗ F (f)
idF (V )⊗φ

F (f)⊗ F (V )
φ⊗idF (V )

F (V )⊗ f ′
σ′
F (V ),f ′
// f ′ ⊗ F (V )
commutes for each V ∈ C, where φ is an isomorphism between F (f)
and f ′.
Remark 3.8. The commutativity of diagram (6) is independent of the
choice of φ. In fact, any other isomorphism φ′ between F (f) and f ′
has the form φ′ = kφ with k ∈ C×. Note that being a fermionic tensor
functor is a property of a tensor functor, not an extra structure.
We consider the 2-category of fermionic fusion categories with fermionic
action of (G,α), 1-morphisms fermionic functors that preserve the ac-
tion, and 2-morphisms tensor isomorphism between fermionic functors.
Let (C, (f, σ−,f)) be a fermionic fusion category. We will denote by
Aut⊗(C, f) the full monoidal subcategory of Aut⊗(C) where objects are
fermionic tensor auto-equivalences.
Example 3.9. If (B, c) and (B′, c′) are spin-braided fusion categories
with fermions f and f ′, and F : B → B′ is a braided functor such that
F (f) ∼= f ′; then F is a tensor functor of fermionic fusion categories. In
fact, by the definition of a braided tensor functor F satisfies (6) (see
[ENO05, Definition 8.1.7.]).
For spin-braided fusion categories, we will denote by Autbr⊗ (B, f) the
full monoidal subcategory of Autbr⊗ (B) where objects are braided tensor
auto-equivalences described in this example.
Example 3.10 (Fermionic functors in the pointed case). Let (Vecω1G1 , (f, η))
and (Vecω2G2 , (f
′, η′)) be fermionic pointed fusion categories (See Exam-
ple 3.4). A fermionic functor from (Vecω1G1 , (f, η)) to (Vec
ω2
G2
, (f ′, η′)) is
determined by the following data:
(a) A group homomorphism F : G1 → G2,
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(b) A 2-cochain τ : G×21 → C× such that
ω1(g, h, l)τ(gh, l)τ(g, h) = τ(g, h, l)τ(h, l)ω2(F (g), F (h), F (l)),
for each g, h, l ∈ G1
where the group homomorphism F further satisfies that F (f) = f ′ and
τ(f, g)
τ(g, f)
=
η′(F (g))
η(g)
,
for all g ∈ G1.
Definition 3.11. Let (C, (f, σ−,f)) be a fermionic fusion category and
(G,α) a super-group. A fermionic action of (G,α) on (C, f) is a
monoidal functor
ρ˜ : G −→ Aut⊗(C, f),
such that the restriction ρ˜ : G −→ Aut⊗(〈f〉) corresponds to α ∈
H2(G,Z/2Z), (see Lemma 3.6).
Example 3.12 (fermionic action on pointed fusion categories). Let
(G,α) be a super-group and (VecωA, (f, η)) a fermionic pointed fusion
category. According to Example 2.2 and Example 3.10 a fermionic
action of G on (VecωA, (f, η)) is determined by the following data:
• a group homomorphism ∗ : G→ Aut(A),
• normalized maps µ : G×A×A→ C×, γ : G×G×A→ C×,
such that
(a) (∗, µ, γ) satisfiy the conditions of Example 2.2,
(b) µ(g;f,a)
µ(g;a,f)
= η(g∗(a))
η(a)
for any g ∈ G and a ∈ A (Example 3.10), and
(c) The cochain γ˜ : G×G −→ 〈̂f〉 defined by
γ˜(g, h)(a) := γ(g, h; a) for g, h ∈ G and a ∈ 〈f〉
is equivalent to α in cohomology.
By definition of bosonic action γ(g, h,−) ∈ ̂K0(VecωA), so γ˜(g, h)
defined above is an element of 〈̂f〉.
Example 3.13. Consider the action of C2 = 〈u〉 on the non-degenerate
pointed fusion categories of rank four, given in Example 2.3. with
fermion f .
Following the notation of Example 2.3, the homomorphism ηk that
correspond to fermion f in any case is defined by
ηk(a) := ck(a, f) for each a ∈ A.
Calculating ηk(σ∗(−))
ηk(−)
and µ(σ;f,−)
µ(σ;−,f)
; we obtain
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v f f + v
ηk(σ∗(−))
ηk(−)
1/2 0 1/2
µ(σ;f,−)
µ(σ;−,f)
1/2 0 1/2
Finally, γ˜ correspond to the trivial 2-cocycle, so we have fermionic
action of the trivial super-group (C2, α ≡ 0) on non-degenerate pointed
spin-braided fusion categories of rank four.
Let B be a braided fusion category and C be a fusion category. A
central functor of B in C is a braided functor B → Z(C). If E is a
symmetric fusion category, C is called fusion category over E if it is
endowed with a central inclusion E → Z(C) such that its composition
with the forget fuctor is an inclusion in C. If C is braided, C is a
braided fusion category over E if it is endowed with a braided inclusion
E → Z2(C) ([DGNO10, ENO11]).
Theorem 3.14. Let (G˜, z) be a finite super-group and G := G˜/〈z〉.
Then equivariantization and de-equivariantization processes define an
equivalence of 2-categories
{Fermionic fusion categories (C, (f, σ−,f )) with fermionic action of (G˜, z)}
G-de-equivariantization



{Fusion categories D over Rep(G˜, z)}.
G−equivariantization
II
Proof. Let (G˜, z) be a finite super-group and G := G˜/〈z〉. The proyec-
tion G˜ → G defines an inclusion Rep(G) ⊂ Rep(G˜, z) of symmetric
fusion categories.
By [DGNO10, Theorem 4.18, Proposition 4.19], equivariantization
and de-equivariantization are mutually inverse processes and define
equivalence of 2-categories
{Fusion categories C with an action of G}
de−equivariantization



{Fusion categories D over Rep(G)}.
equivariantization
JJ
Using de-equivariantization respect to G we obtain that Rep(G˜, z)G
is braided equivalent to SVec, so SVecG is equivalent to Rep(G˜, z).
Moreover, if (C, (f, σ−,f)) is a fermionic fusion category then we have
a central functor SVec→ Z(C) that induce a central functor SVecG ∼=
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Rep(G˜, z) → Z(CG). Hence, G-equivariantization is a 2-functor be-
tween the 2-category of fermionic fusion categories with a fermionic
action of (G,α) and the 2-category of fusion categories over Rep(G˜, z).
On the other hand, if D is a fusion category over Rep(G˜, z); we have
that Rep(G) ⊂ Rep(G˜, z) ⊂ Z(D). It follows from [ENO11, Proposi-
tion 2.10] that D is a G-equivariantization of some fusion category DG
and theG-de-equivariantization of CZ(D)(Rep(G)) is braided equivalent
to Z(DG). Taking G-de-equivariantization to the sequence of inclus-
tions Rep(G) ⊂ Rep(G˜, z) ⊂ CZ(D)(Rep(G)), we obtain Vec ⊂ SVec ∼=
Z(DG). Hence SVec ⊂ Z(DG), that is, DG is a fermionic fusion cat-
egory. This prove that de-equivariantizacion is a functor between the
2-category of fusion categories over Rep(G˜, z) and the 2-category of
fermionic fusion categories with fermionic action of (G˜, z).
Finally this functors are mutually inverse by [DGNO10, Theorem
4.18, Proposition 4.19]. 
Corollary 3.15. Let (G˜, z) be a finite super-group and G := G˜/〈z〉.
Then equivariantization and de-equivariantization processes define a
biequivalence of 2-categories between Spin-braided fusion categories with
fermionic action of (G˜, z) compatible with the braiding and braided fu-
sion categories D over Rep(G˜, z) such that Rep(G) ⊆ Z2(D).
Proof. It follows from Theorem 3.14 and [DGNO10, Theorem 4.18,
Proposition 4.19].

3.3. Obstruction to fermionic actions. Let (C, (f, σ−,f)) be a fermionic
fusion category and (G,α) be a super-group. Every fermionic action
of (G,α) on (C, (f, σ−,f)) defines a group homomorphism ρ : G →
Aut⊗(C, f), where Aut⊗(C, f) is the groups of isomorphism classes of
the monoidal category Aut⊗(C, f). In this section we will describe nec-
essary and sufficient cohomological conditions to a group homomor-
phism ρ : G→ Aut⊗(C, f) came from a fermionic action.
Let ρ : G → Aut⊗(C, f) be a group homomorphism. If there is a
fermionic action of (G,α) that realizes ρ, must exists a bosonic action
ρ˜ : G → Aut⊗(C) that realizes ρ. Hence, by Proposition 2.5, the
obstruction [O3(ρ)] must vanished.
Consider a bosonic action ρ˜ : G → Aut⊗(C, f) that realizes ρ. The
action ρ˜ defines an element θρ˜ ∈ H2(G,Z/2Z) that correspond to the
composition
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G
ρ˜
zz✉✉✉
✉✉
✉✉
✉✉
✉✉
θρ˜
$$
Aut⊗(C, f) rest // Aut⊗(〈f〉),
(7)
where rest denotes the restriction functor.
The restriction map r : K̂0(C) → K̂0(〈f〉) ∼= Z/2Z is a homomor-
phism of G-modules. If r is non-trivial, the exact sequence
1 // Ker(r) 
 i // K̂0(C) r // // Z/2Z // 1
induces a long exact sequence
// H2(G,Ker(r))
i∗ // H2(G, K̂0(C)) r∗ // H2(G,Z/2Z) d2 //
// H3(G,Ker(r))
i∗ // H3(G, K̂0(C)) r∗ // H3(G,Z/2Z) d3 // . . .
(8)
that motivates the following definition.
Definition 3.16. Let ρ : G→ Aut⊗(C, f) be a group homomorphism
and ρ˜ : G −→ Aut⊗(C, f) a lifting of ρ. For each α ∈ H2(G,Z/2Z)
define
(9) O3(ρ˜, α) :=
{
θρ˜/α ∈ H2(G,Z/2Z) if r is trivial,
d2(θρ˜/α) ∈ H3(G,Ker(r)) if r is non-trivial,
where r : K̂0(C)→ K̂0(〈f〉) is the restriction map.
If the group homomorphism ρ : G −→ Aut⊗(C, f) has a lifting to a
fermionic action ρ˜ of (G,α), we call ρ˜ an α-lifting of ρ.
Theorem 3.17. Let (G,α) be a super-group and ρ : G → Aut⊗(C, f)
a group homomorhism with ρ˜ : G→ Aut⊗(C, f) a lifting of ρ. Then
(a) The element O3(ρ˜, α) does not depend on the lifting.
(b) The homomorphism ρ has a fermionic action of (G,α) if and only
if O3(ρ˜, α) = 0.
(c) The set of equivalence classes of α-liftings of ρ is a torsor over
Ker
(
r∗ : H
2(G, K̂0(C))→ H2(G,Z/2Z)
)
.
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Proof. By [CGPW16] the set of equivalence classes of lifting of ρ is a
torsor over H2(G, K̂0(C)). Hence any other lifting has the form β ⊲ ρ˜
for a fix lifting ρ˜ and
θβ⊲ρ˜ = r∗(β)θρ˜,(10)
where r∗ : H
2(G, K̂0(C)) −→ H2(G,Z/2Z) is the map induced by the
homomorphism of G-modules r : K̂0(B) → K̂0(〈f〉) ∼= Z/2Z and θρ˜ is
defined in (7).
If r : K̂0(C) → K̂0(〈f〉) is trivial, it follows from (10) that θρ˜ only
depends on ρ. If r is non-trivial, we have that
O3(β ⊲ ρ˜, α) = d2(θβ⊲ρ˜/α)
= d2(r∗(β)θρ˜/α)
= d2 ◦ r∗(β)d2(θρ˜/α)
= d2(θρ˜/α)
=: O3(ρ˜, α).
Hence the element O3(ρ˜, α) does not depend of the lifting. Henceforth,
we will denote O3(ρ˜, α) just as O3(ρ, α).
By definition, ρ˜ defines a fermionic action of (G,α) on (C, f) if and
only if θρ˜ = α. If r is trivial, θρ˜ = α is equivalent to O3(ρ, α) = 0.
If r is non-trivial and ρ˜ is an α-lifting then θρ˜ = α and 0 = d2(α/α) =
O3(ρ, α). Now, if O3(ρ, α) = 0, there exists β ∈ H2(G, K̂0(C)) such that
r∗(β) = θρ˜/α (the sequence (8) is exact). If we define ρ˜′ := β
−1 ⊲ ρ˜,
then
θρ˜′ = r∗(β)
−1θρ˜,
= (α/θρ˜)θρ˜
= α.
Thus ρ˜′ defines a fermionic action of (G,α) on (C, (f, σ−,f)).
Finally, if ρ˜ and ρ˜′ are two α-liftings of ρ, we have ρ˜′ = β ⊲ ρ˜ (for
some β ∈ H2(G, K̂0(B))), then α = θρ˜′ = r∗(β)θρ˜ = r∗(β)α, that is,
β ∈ Ker(r∗). 
A super-group of the form G˜ = G × Z/2Z will be called a a trivial
super-group. Equivalently, the trivial super-group can be represented
by a pair (G,α) with α = 0.
Corollary 3.18. Let (G,α), ρ, and ρ˜ as in Theorem 3.17. ρ has an α-
lifting if and only if there is τ ∈ H2(G, K̂0(C)) such that r∗(τ) = θρ˜/α.
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Corollary 3.19. Let (C, f) be a fermionic category and triv : G →
Aut(C, f) the trivial group homomorphism.
(a) If r is trivial, only trivial super-groups act trivially on C.
(b) If r is non-trivial, triv has an α-lifting if and only if there is τ ∈
H2(G, K̂0(C)) such that r∗(τ) = α.

3.4. Group-theoretical interpretation of the obstruction. In this
subsection we will present a group-theoretical interpretation of the ex-
istence of α-lifting of a group homomorphism ρ : G → Aut⊗(C, f).
According to Theorem 3.17, ρ has an α-lifting if and only if there is
a bosonic action ρ˜ and τ ∈ H2ρ(G,Z/2Z) such that r∗(τ) = θρ˜/α in
cohomology. In other words, given the G-modules epimorphism r :
K̂0(C) → K̂0(〈f〉) we want to answer when there is τ ∈ H2ρ(G, K̂0(C))
with r∗(τ) = θρ˜/α. This problem can be answered more generally in
the context of group extensions as explained below.
Let C be a G-module with action defined by ρ : G → Aut(C).
Equivalence classes of extensions of G by the G-module C are in cor-
respondence with elements in H2ρ(G,C):
For ϕ ∈ Z2ρ(G,C) we define the group Gϕ follows: As a set Gϕ :=
C ×G and product given by
(a, g)(b, h) := (a+ gb+ ϕ(g, h), gh),
where gb represent the action of g on b. Hence we have the group exact
sequence
0→ C i→ Gϕ πϕ→ G→ 0,
where i(c) = (c, 1) and πϕ(c, g) = g. In the case that C = Z/2Z,
extensions of G by Z/2Z correspond to super-groups (G,α) with α ∈
H2(G,Z/2Z). With this in mind we have the following lemma
Lemma 3.20. Let r : B → C an epimorphism of G-modules and
α ∈ H2(G,C). Then there exists β ∈ H2(G,B) such that r∗(β) = α if
and only if there exists a group epimorphism r˜ : Gβ → Gϕ such that
the diagram
0 // B 

iGβ //
r

Gβ
πβ // //
r˜

G // 0
0 // C 
 iGα // Gϕ
πϕ // // G // 0
(11)
commutes.
CATEGORICAL FERMIONIC ACTIONS AND MODULAR EXTENSIONS 19
In the case that (G,α) is a super-group and ρ : G → Aut⊗(C, f) a
group homomorphism with r non-trivial. Then
0 // Ker(r)
i // K̂0(C) r // // Z/2Z // 0 ,
is an exact sequence of G-modules, and our problem is to find an ex-
tension of G by K̂0(C) such that the diagram (12) commutes and the
obstruction [O3(ρ)] = 0.
0 // K̂0(C)   //
r
L // //
r˜

G // 0
0 // K̂0(〈f〉)   // Gϕ
πϕ // // G // 0,
(12)
Where Gϕ is the super-group given by ϕ = θρ˜/α ∈ H2(G,Z/2Z).
Proposition 3.21. Consider a commutative diagram with the condi-
tions in Lemma 11 . If G acts trivially on A := Ker(r) ⊆ Z(B),
(1) A is a central subgroup of B and L.
(2) The following diagram is commutative
0

0

A

// A

B
iL //
r

L
r˜

C

iGϕ // Gϕ

0 0
where every column is a central extension.
(3) If A correspond to δ ∈ H2(C,A) and B to ψ ∈ H2(Gϕ, A) then
δ = i∗Gϕ(ψ).
Example 3.22. Consider B = Vec(ωk,ck)A a pointed spin-braided cate-
gory of Example 2.3, super-group G˜ = (Z/2nZ, [n]) with non-trivial
homomorphism ρ : Z/nZ → Aut⊗(B, f), and lifting ρ˜ : Z/nZ →
Aut⊗(B, f) (in this case always there exist a lifting by Theorem 3.27).
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By Lemma 3.20 and Theorem 3.27, ρ has an α-lifting if there exist a
commutative diagram
0 // A 
 //
r

L // //
r˜

Z/nZ // 0
0 // Z/2Z 
 // Z/2nZ
πϕ // // Z/nZ // 0
.(13)
Note that Z/nZ acts trivially on 〈f〉 = Ker(r), so by proposition 3.21
we have a commutative diagram
〈f〉 //

〈f〉

0 // A 
 //
r

L // //
r˜

Z/nZ // 0
0 // Z/2Z 
 // Z/2nZ
πϕ // // Z/nZ // 0,
(14)
where L is commutative by the exactness of the second column. But
given the action of Z/nZ on A is non-trivial; L can not be commutative,
which is a contradiction. Then (Z/2nZ, [n]) does not have a fermionic
action on Vec
(ωk ,ck)
A .
Consider ρ : G −→ Aut⊗(C, f) the trivial homomorphism. This
homomorphism has a lifting ρ˜ with θρ˜ trivial. According to the group-
theoretical interpretation, ρ has an α-lifting if and only if there is τ ∈
H2(G, K̂0(C)) such that r∗(τ) = 1/α. So, taking β = τ−1, we have that
r∗(τ) = α. In conclusion, the trivial homomorphism has an α-lifting if
and only if α is an element in the image of r∗.
Example 3.23. Consider B = Vec(ωk,ck)A a pointed spin-braided cate-
gory of Example 2.3, and G˜ = (Z/2nZ, [n]) with trivial homomorphism
ρ : Z/nZ → Aut⊗(B, f). In this case we obtain similar diagrams to
(13) and (14).
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〈f〉 //

〈f〉

0 // A 
 //
r

L // //
r˜

Z/nZ // 0
0 // Z/2Z 
 // Z/2nZ
πϕ // // Z/nZ // 0,
Since L is a central extension of Z/2nZ by Z/2Z, the group L cor-
respond to a 2-cocycle ψ in H2(Z/2nZ,Z/2Z) ∼= Z/2Z, so ψ has two
possibilities, ψ trivial or non-trivial.
(1) If ψ is trivial, L = Z/2Z × Z/2nZ. As the diagram (14) is
commutative, A should be isomorphism to Z/2Z× Z/2Z.
(2) If ψ is non-trivial, L = Z/4nZ. Again, as the diagram (14) is
commutative, A should be isomorphism to Z/4Z.
Note that with this conditions (in both cases), we obtain a commutative
diagram similar to (12).
Example 3.24 (fermionic action of (D8, r
2) on Vec
(ωk ,ck)
Z/2Z×Z/2Z). Consider
the super-group (D8, r
2); it corresponds to the pair (Z/2Z× Z/2Z, α)
with α a 2-cocycle non-trivial in H2(Z/2Z × Z/2Z,Z/2Z) defined by
the central sequence
〈r2〉 // D8 // Z/2Z× Z/2Z .
In this case the restriction map r : Z/2Z × Z/2Z → Z/2Z is a split
group homomorphism with right inverse j, rj = idZ/2Z.
Suppose that ρ : Z/2Z × Z/2Z −→ Aut⊗(Vec(ω,c)Z/2Z×Z/2Z, f) is the
trivial homomorphism.
If we take β = j∗(α) and L = Gβ the following diagram is commu-
tative
Z/2Z

Z/2Z //

1

Z/2Z× Z/2Z //
r

Gβ //
r˜

Z/2Z× Z/2Z
Z/2Z // D8 // Z/2Z× Z/2Z
.
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Then, the super-group (Z/2Z×Z/2Z, α) has a trivial fermionic action
on the spin-braided fusion category (Vec
(ω,c)
Z/2Z×Z/2Z, f) by Proposition
3.20.
3.5. Fermionic actions on non-degenerate spin braided fusion
categories of dimension four. Following the idea of the previous
section, we apply the results of Section 3 to study fermionic actions on
spin-braided fusion categories of dimension four.
3.5.1. Fermionic actions on Ising modular categories.
Lemma 3.25. Let (B, f) be a non-degenerate spin-braided category.
Then the restriction map r : K̂0(B) → Z/2Z is trivial if and only if
Inv(B) = Inv(CB(f)), where CB(f) is the set of objects X in B such
that cf,X ◦ cX,f = idX⊗f .
Proof. If B is a non-degenerate braided fusion category there is a canon-
ical isomorphism Ξ : Inv(B) → K̂0(B) given by Ξ(Xi)(Xj) = cXj ,Xi ◦
cXi,Xj (see [GN08, section 6.1]).
Hence, if (B, f) is a non-degenerate spin-braided category, the kernel
of the map s, defined by
K̂0(B) r // Z/2Z
Inv(B).
Ξ
OO
s
::
✈
✈
✈
✈
✈
is Inv(CB(f)), that is, all isomorphism classes of invertible objects X
such that cX,f ◦ cf,X = idf⊗X . Then the restriction map r is trivial if
and only if Inv(B) = Inv(CB(f)). 
Proposition 3.26. Only trivial super-groups (G,α ≡ 0) act fermion-
ically on a spin-braided Ising category. The equivalence classes of
fermionic actions are in bijective correspondence with elements ofH2(G,Z/2Z).
Proof. Since Ising categories are particular cases of Tambara-Yamagami
categories, it follows from [Tam00, Proposition 1] that every tensor
auto-equivalence of an Ising category I is equivalent to the identity
functor.
By Lemma 3.25 the homomorphism r : K̂0(I) −→ Z/2Z is trivial.
Hence proposition follows from Corollary 3.19. 
3.5.2. Fermionic actions on pointed Spin-modular categories of rank
four. In this section we apply the results of Section 3 to study fermionic
actions on pointed non- degenerate spin-braided fusion categories of
CATEGORICAL FERMIONIC ACTIONS AND MODULAR EXTENSIONS 23
dimension four, see Example 2.3. The notation that we will use here
have been introduced in Examples 3.13, 3.22, and 3.23.
Theorem 3.27. Let (G,α) be a finite super-group and Vec
(ωk,ck)
A a
pointed spin-modular category of rank four. Then
(a) Aut⊗(Vec
(ωk ,ck)
A , f)
∼= Z/2Z
(b) A group homomorphism G → Z/2Z ∼= Aut⊗(Vec(ωk,ck)A , f) always
is realized by a bosonic action.
(c) A group homomorphism G → Z/2Z ∼= Aut⊗(Vec(ωk ,ck)A , f) is real-
ized by a fermionic action of a super-groups (G,α) associated to ρ
if and only if d2(α) = 0.
(d) If d2(α) = 0 then the equivalence classes of fermionic actions of
(G,α) associated to ρ is a torsor over
Ker
(
r∗ : H
2(G,A)→ H2(G,Z/2Z)
)
.
Here d2 : H
2(G,Z/2Z) → H3(G,Z/2Z) is the connecting homomor-
phism associated to the G-module exact sequence 0 → Z/2Z → A r→
Z/2Z→ 0.
Proof. Up to equivalence, Vec
(ωk,ck)
A only have one non-trivial braided
auto-equivalence that fix f , namely
σ∗(f) = f, σ∗(v) = v + f.
Then Aut⊗(Vec
(ωk,ck)
A , f)
∼= Z/2Z. Using the maps γ and µ defined in
(3) and (4) we have a fermionic action of Z/2Z on Aut⊗(Vec
(ωk,ck)
A , f),
F : Z/2Z→ Aut⊗(Vec(ωk,ck)A , f).
Hence for any group homomorphism ρ : G → Aut⊗(Vec(ωk ,ck)A , f), the
pullback
G
π
}}④④
④
④
④
④
④
④
④
$$
Z/2Z
F // Aut⊗(C, f),
defines a lifting of ρ with θρ˜ trivial. Using Remark 3.16 we obtain that
ρ is realized by a fermionic action if and only if d2(α) = 0.
Finally, if d2(α) = 0, it follows from Theorem 3.17 that the equiva-
lence classes of fermionic actions of (G,α) associated to ρ is a torsor
over Ker
(
r∗ : H
2(G,A)→ H2(G,Z/2Z)
)
.

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4. Minimal non-degenerate extensions of super-groups
Let C be a fusion category. A left C-module category is a semisimple
C-linear abelian category M equipped with
• a C-bilinear bi-exact bifunctor ⊗ : C ×M→M;
• natural associativity and unit isomorphisms mX,Y,M : (X⊗Y )⊗
M → X ⊗ (Y ⊗M), λM : 1⊗M → M , such that
mX,Y,Z⊗M mX⊗Y,Z,M = (idX ⊗mY,Z,M) mX,Y⊗Z,M(aX,Y,Z ⊗ idM),
(idX ⊗ lM)mX,1,M = idX⊗M ,
for all X, Y, Z ∈ C,M ∈M.
Similarly, right module category and bimodule category over C are
defined. The tensor product ⊠C of C-bimodule categories was defined
in [ENO10]. With this tensor product, the 2-category of C-bimodule
category has an structure of monoidal bicategory, [GPS95]. A bimod-
ule category M is called invertible if there is a C-bimodule N such
that M ⊠C N ∼= C and N ⊠C M ∼= C as C-bimodule categories. The
Brauer-Picard group BrPic(C) of C is the group of equivalence classes
of invertible C-bimodule categories. This group plays a key role in the
classification of extensions of tensor categories by finite groups [ENO10,
Theorem 1.3]. The natural structure for invertible bi-module categories
over a fusion category C is the 3-group BrPic(C), whose 1-truncation is
the 2-group BrPic(C). The Brauer-Picard group BrPic(C) of C is the
2-truncation of BrPic(C).
For a braided fusion category B, a left action induces a compatible
right action via the braiding. In particular, all left B-modules have a
canonical B-bimodule structure. It follows that in the braided case,
there is a distinguished 3-subgroup Pic(B) ⊆ BrPic(B) of the Brauer-
Picard 3-group, the so-called Picard 3-group Pic(B) of B that consists
of all invertible (left) B-modules.
Let Aut⊗(B) be the 2-group of braided unitary tensor auto-equivalences
of a braided fusion category B. There is a monoidal functor Θ :
Pic(B) → Aut⊗(B) associated to the alpha-induction functors α+ and
α−, see [Ost03, ENO10] for precise definitions. When B is a non-
degenerate, there also exists a monoidal functor Φ : Aut⊗(B)→ Pic(B)
such that the functors Θ and Φ are mutually inverse monoidal equiv-
alences [ENO10, Theorem 5.2]. Using Φ, we will identify Pic(B) with
Aut⊗(B).
A (faithfully) G-crossed braided fusion category B×G is a fusion cat-
egory B×G equipped with the following structures: an action of G on
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B×G, a faithful G-grading B×G =
⊕
g∈G Bg and natural isomorphisms
cX,Y : X ⊗ Y → g(Y ) ⊗ X, g ∈ G,X ∈ Bg, Y ∈ B×G. The natural
isomorphisms c are called the G-braiding. This data should satisfy
certain compatibility conditions . See [DGNO10, Definition 4.41].
Let B×G =
⊕
g∈G Bg be a G-crossed braided fusion category. The triv-
ial component Be of the grading is a braided fusion subcategory. Each
component Bg is an invertible Be-module category and the functors
Mg,h : Bg⊠Be Bh → Bgh induced from the tensor product by restriction
are Be-module equivalences, by [ENO10, Theorem 6.1].
Theorem 4.1. [ENO10, Theorem 7.12] Let B be a braided fusion cat-
egory. Equivalence classes of braided G-crossed categories B×G having
a faithful G-grading with the trivial component B are in bijection with
morphisms of 3-groups G→ Pic(B).
We are interested in fermionic action ρ˜ : G −→ Aut⊗(B, f) that can
be lifted to an homomorphism of 3-groups ˜˜ρ : G→ Pic(B).
Given a non-degenerate braided fusion category B, a bosonic action
ρ˜ is determined by data ρ˜ := (g∗, ψ
g, ϕg,h) : G → Aut⊗(B). The
equivalence classes of bosonic actions associated to a fix truncation ρ is
a torsor over H2ρ(G, Inv(B)). Suppose that ρ˜ admits a gauging ˜˜ρ, that
is, a homomorphism of 3-groups ˜˜ρ : G → Pic(B) whose truncation is
ρ˜. Given an 2-cocycle µ ∈ Z2ρ(G, Inv(B)) the bosonic action associate
is denoted by µ ⊲ ρ˜.
The H4-obstruction of the pair (ρ˜, µ) is defined as the 4-cocycle
O4(ρ˜, µ) ∈ H4(G,C×) described by the formula
O4(ρ˜, µ) = cµg1,g2 ,(g1g2)∗(µg3,g4 )(15)
ω(g1g2)∗(µg3,g4 ),µg1,g2 ,µg1g2,g3g4
ω−1(g1g2)∗(µg3,g4 ),(g1)∗(µg2,g3g4 ),µg1,g2g3g4
ω(g1)∗(µg2,g3),(g1)∗(µg2g3,g4 ),µg1g2g3,g4
ω−1(g1)∗(µg2,g3),µg1,g2g3 ,µg1g2g3,g4
ωµg1,g2 ,µg1g2,g3 ,µg1g2g3,g4
ω−1µg1,g2 ,(g1g2)∗(µg3,g4 ),µg1g2,g3g4
ϕg1,g2(µg3,g4)
(ψg1)−1((g2)∗(µg3,g4), µg2,g3g4)
ψg1(µg2,g3, µg2g3,g4)
where ω is associated to the associative constraint of the category.
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Proposition 4.2. [CGPW16, Proposition 9] If B is a non-degenerate
braided fusion category, the homomorphism of 3-groups (µ ⊲ ρ˜) : G −→
Pic(B) can be gauged if and only if O4(ρ˜, µ) defined by (15) is trivial.
More detais about the H4-obstruction used in this paper can be
consulted in [ENO10] and [CGPW16].
4.1. Non-degenerate extensions of braided fusion categories.
The definition of (minimal) modular extension of a braided fusion cat-
egory was given by Michael Mu¨ger in [Mu¨g03], see also [LKW16]. The
following definition is a natural generalization, where only the non-
degeneracy condition plays a rol.
Definition 4.3. Let (B, c) be a braided fusion category. A mini-
mal non-degenerate extension of B is a pair (M, i), where M is non-
degenerate braided fusion category such that
FPdim(M) = FPdim(B) FPdim(Z2(B))
and i : B →M is braided full embedding.
Two minimal non-degenerate extensions (M, i) and (M′, i′) are equi-
valents if there exist a braided equivalence F : M −→ M′ such that
F ◦ i ∼= i′.
Every unitary braided fusion category, admits a unique unitary rib-
bon structure [Gal14, Theorem 3.5]. Hence, minimal non-degenerate
unitary extensions of a unitary braided fusion category are modular
extensions in the sense of [Mu¨g03].
Weakly-groups theoretical fusion categories admit a unique unitary
structure, [GHR13, Theorem 5.20]. Hence for weakly-group theoretical
braided fusion categories, every minimal non-degenerate extension is
equivalent to a unitary minimal modular extension.
In [LKW16] the set of equivalence classes of minimal non-degenerate
extensions of a unitary braided fusion category B is denoted byMext(B).
In particular if B is a symmetric fusion categoryMext(B) is an abelian
group.
Example 4.4 (Modular extensions of Tannakian fusion categories).
For symmetric Tannakian categories Rep(G), the group of modular ex-
tensions (up to equivalence) is isomorphic to the abelian groupH3(G,C×).
For each ω ∈ H3(G,C×), the Drinfeld’s center of the category of G-
graded vector spaces with the associativity constraint defined by ω,
Z(VecωG), is a modular extension of Rep(G) (see [LKW16]).
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Example 4.5 (Modular extensions of SVec). For the symmetric super-
tannakian category SVec, there are 16 modular extensions (up to equiv-
alence). They can be classified in two classes, the first one is com-
posed by 8 Ising braided modular categories parametrized by ζ , such
that ζ8 = −1. A brief description of them was showed in Example
3.5. The second one is composed by 8 pointed modular categories
Vec
(ωk ,ck)
A where A is an abelian group of order four, and (ωk, ck) is an
abelian cocycle. A description of this type of category was presented
in Example 2.3. More information about this example can be found in
[Kit06, DGNO10].
4.2. Obstruction theory to existence of minimal non-degenerate
extensions. Following [M0¨0, Bru00] we say that a braided fusion cat-
egory is modularizable if Z2(B) is Tannakian.
Definition 4.6. Let B be a modularizable braided fusion category
with Rep(G) = Z2(B). The de-equivariantization BG has associated a
monoidal functor
G
ρ˜ // Autbr⊗ (BG) Φ // Pic(BG) ,
where ρ˜ is the canonical action of G on the braided fusion category
BG. We define the H4-anomaly of B as the H4-obstruction of ρ˜ in
H4(G,C×).
Definition 4.7. [ENO11] A braided fusion category B is called slightly
degenerate if Z2(B) is braided equivalent to SVec.
If B is non-modularizable, that is, Z2(B) ∼= Rep(G˜, z), the maximal
central tannakian subcategory of B is equivalent to Rep(G) with G ∼=
G˜/〈z〉.
Theorem 4.8. Let B be a braided fusion category with non-trivial max-
imal central Tannakian subcategory Rep(G) ⊆ Z2(B).
(1) If B is modularizable, then B admits a minimal non-degenerate
extension if and only if O4(B) vanishes.
(2) If B is non-modularizable with Rep(G˜, z) = Z2(B), then B ad-
mits a minimal non-degenerate extension if and only if the fol-
lowing conditions hold:
(a) the slightly non-degenerate braided fusion category BG has
a minimal non-degenerate extension S,
(b) There exist a fermionic action of (G˜, z) on S such that BG
is G-stable, and the restriction to BG coincides with the
canonical action of G on BG,
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(c) the anomaly O4(SG) vanishes.
Proof. (1) Let Z2(B) = Rep(G) and B ⊂ M be a minimal non-
degenerate extension of B. Using de-equivariantization we obtain that
BG ⊆ (CM(Rep(G)))G = (MG)e. Moreover,
FPdim((MG)e) = FPdim(M)|G|2 =
FPdim(B)
|G| = FPdim(BG).
Hence, BG = (MG)e. Therefore, MG is a braided G-crossed extension
of BG such that B = (BG)G ⊂ M. It follows from Theorem 4.1 that
the H4-anomaly is trivial.
Conversely, if O4(B) = 0, the non-degenerate braided fusion category
BG has a braided G-crossed extension L. Taking equivariantization we
obtain
B = (BG)G ⊂ LG.
Since LG is a non-degenerate braided fusion category and
FPdim(LG) = |G|FPdim(L) = |G|FPdim(B),
LG is a minimal non-degenerate extension of B.
(2) Let B be a braided fusion category with Rep(G˜, z) = Z2(B) and
G = G˜/〈z〉. Suppose that B admits a minimal non-degenerate exten-
sionM. By [DGNO10, Proposition 4.30, part (iii)] the de-quivariantization
BG is slightly degenerate, BG ⊆ (MG)e and (MG)e is non-degenerate.
On the other hand,
FPdim((MG)e) = FPdim(M)|G|2
=
2FPdim(B)
|G|
= FPdim(Z2(BG)) FPdim(BG).
Then S := (MG)e is a minimal non-degenerate extension of BG. Since
BG is a slightly non-degenerate braided fusion category, S has a cano-
nical spin-braided structure. We have that
Rep(G˜, z) ⊂ B ⊂ SG,
then it follows from Corollary 3.15 that (G˜, z) acts by braided auto-
equivalence on S, BG is G-stable and the restriction coincides with the
canonical action of G on BG. Finally, the vanishing of O4(SG) follows
from part 1 and the fact thatM is a minimal non-degenerate extension
of SG.
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Conversely, assume that conditions (2a), (2b) and (2c) hold. By
condition (2a), B ⊂ SG as braided fusion categories. By part (2c), SG
has a minimal non-generate extension M. By condition (2b),
FPdim(M) = |G|2 FPdim(S)
= 2|G|2 FPdim(BG)
= 2|G|FPdim(B)
FPdim(Z2(B)) FPdim(B).
Then M is a minimal non-degenerate extension of B.

If Rep(G) is a central tannakian subcategory of a braided fusion
category B, by Theorem 4.8 parts (1) and (2), the de-equivariantization
define a map
D :Mext(B)→Mext(BG).
This map was defined in [LKW16, Section 5.2].
In particular, when B = Rep(G˜, z) we obtain a group homomorphism
D :Mext(Rep(G˜, z))→Mext(SVec).
Corollary 4.9. Let Rep(G˜, z) be a super-group. The map
D :Mext(Rep(G˜, z))→Mext(SVec)
is surjective if and only if (G˜, z) is a trivial super-group.
Proof. If D is surjective, it follows from Theorem 4.8 that there exists
M ∈ Mext(Rep(G˜, z)) such that (MG)e is a spin-braided Ising cate-
gory and (G˜, z) acts on (MG)e. Then, by Proposition 3.26 we conclude
that (G˜, z) is a trivial super-group.
If G˜ = G×Z/2Z with central involution z = (e, 0), then Rep(G˜, z) =
Rep(G)⊠SVec as braided fusion categories. Thus, forM∈Mext(SVec),
the modular category Z(Rep(G))⊠M⊃ Rep(G)⊠ SVec is a modular
extension withD(Z(Rep(G))⊠M) = ((Z(Rep(G))⊠M)G)e =M. 
4.3. Example of a modularizable braided fusion categories with-
out minimal extensions. Let G be a finite group and B a braided
fusion category. Given µ ∈ Z2(G, Inv(B)), we have an G-associated
action µ˜ : G→ Aut⊗(B) given by
µ˜(g) = IdB, φ(g, h) = Ξ(µ(g, h)),(16)
for all g, h,∈ G. See (1) for the definition of Ξ.
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Corollary 4.10. Let G be a finite group and (B,⊗, 1, ω, c) be a non-
degenerate braided fusion category. The equivariantization BG associ-
ated to µ ∈ H2(G, Inv(B)) has a minimal modular extension if and only
the cohomology class of the 4-cocycle
O4(g1, g2, g3, g4) =c(µg1,g2, µg3,g4)(17)
ωµg3,g4 ,µg1,g2 ,µg1g2,g3g4
ω−1µg3,g4 ,µg2,g3g4 ,µg1,g2g3g4
ωµg2,g3 ,µg2g3,g4 ,µg1,g2g3g4
ω−1µg2,g3 ,µg1,g2g3 ,µg1g2g3,g4
ωµg1,g2 ,µg1g2,g3 ,µg1g2g3,g4
ω−1µg1,g2 ,µg3,g4 ,µg1g2,g3g4 ,
vanishes.
Proof. Consider D := BG, D is modularizable since B is non-degenerate,
so by Theorem 4.8 the proposition is true. 
As an application of Corollary 4.10, in the following two proposi-
tions we will present some examples of modularizable braided fusion
categories without minimal non-degenerate extensions.
For a direct product of groups G = A × B, there is a canonical
filtration a filtration in group cohomology
Hn = F0(H
n) ⊃ F1(Hn) ⊃ · · · ⊂ Fn−1(Hn) ⊃ Fn(Hn) ⊃ 0,
where Hn = Hn(A×B,M). Moreover, we have group homomorphism
Pk : grk(H
n(A× B,M))→ Hk(A,Hn−k(B,M)),
see Appendix 5 for details.
The following example of a pre-modular category without minimal
modular extensions was first found for Drinfeld in his unpublished
notes.
Proposition 4.11. Let (ω, c) ∈ Z3ab(Z/2Z,Q/Z) be the non-degenerate
abelian 3-cocycle given by
c(x, y) =
xy
4
, ω(x, y, z) =
xyz
2
,
and µ ∈ Z2(Z/2Z× Z/2Z,Z/2Z) given by
µ((a1, b1), (a2, b2)) = a1b2.
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Then the braided fusion category (Vec
(ω,c)
Z/2Z)
Z/2Z×Z/2Z does not admit a
minimal non-degenerate extension, where the action of Z/2Z ⊕ Z/2Z
is defined using (16).
Proof. We will follow and use the notation and results of Appendix 5.
Let G = Z/2Z × Z/2Z. We adopt the convention that every element
gi ∈ G will be written as gi = (ai, bi).
After simplification, the 4-cocycle O4 defined by the equation (17) is
given by
O4(g1, g2, g3, g4) =
a1b2a3b4
4
+
a1a2a3b2b4 + a1a2a3b4 + a1b2b3b4 + a1a3b2b3b4
2
.
It follows from Corollary 4.10 that if the cohomology class of O4 is non-
zero, the braided fusion category (Vec
(α,c)
Z/2Z)
Z/2Z×Z/2Z does not admit a
minimal non-degenerate braided extension.
Using Lyndon’s algorithm (see Appendix 5) we define the 3-cochain
p(g1, g2, g3) =
a1a2b3
8
− a1b2a2b3
4
,
and
(∂(p)− O4)(g1, g2, g3, g4) = a1a2a3b4 + a1b2b3b4
2
.
Then, O4 is cohomologous to
O˜4(g1, g2, g3, g4) =
a1a2a3b4 + a1b2b3b4
2
.
Thus [O˜4] ∈ F1(H4(A× B,Q/Z)) and
P1([O˜4]) ∈ Hom(Z/2Z, H3(Z/2Z,Q/Z)) ∼= Z/2Z,
is induced by the map
Z/2Z→ Z3(Z,Q/Z), a1 7→ [(b2, b3, b4) 7→ a1b2b3b4
2
].
Since the cohomology of the 3-cocycle α(b2, b3, b4) =
b2b3b4
2
, is non-trivial
(see (18)), we have that P1([O˜4]) 6= 0. Hence, 0 6= [O4] ∈ H4(G,Q/Z).

Proposition 4.12. Let m be an odd integer, (0, c) ∈ Z3ab(Z/mZ,Q/Z)
be the non-degenerate abelian 3-cocycle given by
c(x, y) =
xy
m
,
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and µ ∈ Z2((Z/mZ)⊕n × (Z/mZ)⊕n,Z/mZ) given by
µ((~a1,~b1), (~a2,~b2)) =
n∑
i=1
ai1b
i
2,
with n ≥ 2. Then the braided fusion category (VeccZ/mZ)(Z/mZ)⊕n×(Z/mZ)⊕n
does not admit a minimal non-degenerate extension, where the action
of (Z/mZ)⊕n × (Z/mZ)⊕n is defined using (16).
Proof. We will follow and use the notation and results of Appendix 5.
Let A = B = (Z/mZ)⊕n and G = A× B. We adopt the convention
that every element ~gi ∈ G will be written as ~gi = (~ai,~bi), where ~ai ∈ A
and ~bi ∈ B.
Given ~a ∈ A and ~b ∈ B, we define
~a~b =
n∑
i=1
aibi ∈ Z/mZ.
Then ω ∈ Z2(G,Z/mZ) is defined by
ω(~g1, ~g2) = ~a1~b2.
The 4-cocycle O4 defined by the equation (17) is given by
O4(~g1, ~g2, ~g3, ~g4) = (~a1~b2)(~a3~b4).
It follows from Corollary 4.10 that if the cohomology class of O4 is
non-zero, the braided fusion category (VeccZ/mZ)
(Z/mZ)⊕n×(Z/mZ)⊕n does
not admit a minimal non-degenerate braided extension.
Using Lyndon’s algorithm (see Appendix 5) we define the 3-cochain
p(~g1, ~g2, ~g3) =
(~a1~b2)(~a2~b3)
m
such that
∂(p)(~g1, ~g2, ~g3, ~g4) =
(~a1~b2)(~a3~b4)
m
+
(~a1~b3)(~a2~b4)
m
.
Then, O4 is cohomologous to
O˜4(~g1, ~g2, ~g3, ~g4) = −(~a1
~b3)(~a2~b4)
m
.
Hence [O˜4] ∈ F2(H4(G,Q/Z)) and
P2([O˜4]) ∈ H2(A,H2(B,Q/Z)),
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is induced by the 2-cocycle ψ ∈ Z2(A,Z2(B,Z/nZ)), where
ψ(~a1,~a2)(~b1,~b2) = O˜4(~a1,~a2,~b1,~b2) = −(~a1
~b1)(~a2~b2)
m
.
For any abelian group A and trivial A-module M the map
Z2(A,M)→ Hom(∧2A,M)
α 7→ [a1 ∧ a2 7→ α(a1, a2)− α(a2, a1)],
induces a group homomorphism
AltA : H
2(A,M)→ Hom(∧2A,M).
Then the map
ψ̂ := AltA(AltB(ψ)) ∈ Hom(∧2A,Hom(∧2B,Q/Z))
given by
ψ̂(~a1,~a2)(~b1,~b2) = 2
(~a1~b1)(~a2~b2)− (~a1~b2)(~a2~b1)
m
,
only depends of the cohomology class of O4.
Since ψ̂(~e1, ~e2)(~e1, ~e2) = 2/m 6= 0, the cohomology class of O4 is
non-trivial. 
4.4. H4-obstruction for fermionic pointed categories of four
rank. We have studied the fermionic actions of a super-group (G,α)
and the α-liftings of ρ : G −→ Aut⊗(B, f) in terms of the cohomol-
ogy. In this section we will present concrete formulas for the fourth
obstruction of the existence of a map
˜˜ρ : G −→ Aut⊗(B) ∼= Pic(B);
in the case that B is a non-degenerate spin-braided fusion category of
Frobenius-Perron dimension four, see Examples 2.3 and 3.5.
This topic is important because there is a correspondence between
braided crossed G-extensions of B and 3-homomorphisms ˜˜ρ : G −→
Pic(B) , and also it gives information about the minimal non-degenerate
extension of B.
First of all, consider the case ρ : Z/2Z −→ Aut⊗(B, f). In this case
any global action of Z/2Z on a modular extensions of SVec has a lifting
ρ˜, and a lifting to a 3-homomorphism ˜˜ρ : Z/2Z −→ Aut⊗(B). In fact,
in this case the obstruction to a lifting to a 3-homomorphism is given
by an element β ∈ H4(Z/2Z,C×) = 0.
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On the other hand, given
˜˜
ξ : G −→ Aut⊗(B, f) ⊆ Pic(B), ˜˜ξ can
be factorized by a unique 3-homomorphism ˜˜ρ : Z/2Z −→ Aut⊗(B, f).
We use this information to describe in a cohomologycal form the 3-
homomorphisms
˜˜
ξ, such that the truncation ξ˜ : G −→ Aut⊗(B, f)
describe a fermionic action of the super-group (G,α).
Theorem 4.13. Let (B, f) be a spin-braided pointed fusion category
of rank four and G be a finite group with a group homomorphism ξ :
G −→ Aut⊗(B, f). Then ξ can be extended to a bosonic action and to
a 3-homomorphism
˜˜
ξ : G −→ Pic(B).
Proof. Consider ξ a non-trivial homomorphism, since Aut⊗(B, f) ∼=
Z/2Z, ξ is surjective and it can be factorized although a non-trivial
homomorphism ρ : Z/2Z→ Aut⊗(B, f).
G
ξ //
π

Aut⊗(B, f)
Z/2Z
ρ
88rrrrrrrrrr
The homomorphism ρ can be lifted to a bosonic action ρ˜ and to a
3-homomorphism ˜˜ρ. Defined a bosonic action by ξ˜ = ρ˜ ◦ π, we obtain
a lifting of ξ. Similarly, taking
˜˜
ξ = ˜˜ρ ◦ π we obtain a 3-homomorphism
that lifted to ξ.
The other case is trivial. 
By Theorem 4.13 a group homomorphism ξ : G → Aut⊗(B, f) has
a lifting to a 3-homomorphism whose truncation is a fermionic action
of the trivial super-group (G,α). We want to know which are all the
3-homomorphisms whose truncation induce a fermionic action. The
following theorem give an answer to this question.
Theorem 4.14. Let (G,α) be a super-group and (B, f) a spin braided
fusion category where B is pointed with rank four. Given ˜˜ξ : G −→
Pic(B) with an action of (G,α) on (B, f) given by the truncation ξ˜
with data (g∗, ψ
g, ϑg,h)g,h∈G. If µ ∈ Z2ξ (G, Inv(B)) the action µ ⊲ ξ˜ can
be extended to a 3-homomorphism if and only if the 4-cocycle O4(ξ˜, µ)
defined by (15) is trivial.
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Proof. If µ ∈ H2ξ (G, Inv(B)), then µ define a new monoidal functor
µ ⊲ ξ˜.
According to [CGPW16, Proposition 9], the tensor functor µ ⊲ ξ˜
has a lifting to a 3-homomorphism if and only if the 4-cocycle O4(ξ˜, µ)
defined by (15) is cohomologically trivial. 
5. Appendix A. Group Cohomology
In Section 4.3, we used Lyndon’s normalization of standard cocycles
in group cohomology of a direct product of groups, [Lyn48]. In this
appendix, we shall give an updated account of Lyndon’s normalization
for completeness.
5.1. Group cohomology. Let G be a group and let A be a G-module.
The nth cohomology group of G with coefficients in A is defined as
Hn(G,A) := ExtnZG(Z,M).
For an arbitrary group, the bar resolution is the most used. Here,
Bn =
⊕
g0,...,gn∈G
Z(g0, . . . , gn),
as free abelian group and G-action given by
g · (g0, . . . , gn) = (gg0, . . . , ggn).
The differential and a chain contraction s (satisfying ∂s + s∂ = id)
are given by
∂(g0, . . . , gn) =
n∑
i=0
(−1)i(g0, . . . , ĝi, . . . , gn)
s(g0, . . . , gn) = (1, g0, . . . , gn).
A ZG-basis of Bn is defined by
|g1|g2| . . . |gn| = (1, g1, g1g2, . . . , g1 . . . gn),
and the differential in terms of this basis is given by
∂(|g1|g2| . . . |gn|) = g1|g2| . . . |gn|+
n−1∑
i=1
(−1)i|g1 . . . |gigi+1| . . . |gn|
+(−1)n|g1| . . . |gn|.
Hence, the groups HomG(Bn, A) can be identified canonically with
Cn(G,A), the group of all applications f : Gn → A. The differen-
tials under this identification has the usual formula,
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∂(f)(g1, . . . , gn+1) = g1f(g2, . . . , gn) +
n−1∑
i=1
(−1)if(g1, . . . , gigi+1, . . . , gn+1)
+(−1)nf(g1, . . . , gn).
5.2. Cohomology of the finite cyclic groups. Let Cm be the cyclic
group of order m generated by σ. The sequence
· · · ZCm ZCm ZCm ZCm Z✲N ✲σ−1 ✲N ✲σ−1 ✲
where N = 1+σ+σ2+· · ·+σm−1 is a free resolution of Z as Cm-module.
Thus,
Hn(Cm;A) =
{
{a ∈ A : Na = 0}/(σ − 1)A, si n = 1, 3, 5, . . .
ACm/NA, si n = 2, 4, 6, . . . .
A chain map from the cyclic resolution to the bar resolution can be
constructed using cup products.
The 2-cocycle u ∈ Z2(Cm,Z)
u(x, y) =
{
0, if x+ y < m
1, if x+ y ≥ m,
is a representative of the generator of H2(Cm,Z) ∼= Z/mZ.
If A is a Cm-module and a ∈ A such Na = 0, thus fa(σi) = a+σa+
· · ·σi−1a defines a representative 1-cocycle respect to the bar resolution
and in general
fa ∪ u∪i ∈ Z2i+1(Cm, A)
defines a representative 2i+ 1-cocycle respect to the bar resolution.
As an example, the 3-cocycle ,
α(σi, σj, σk) =
{
0, if x+ y < m
1
m
, if x+ y ≥ m,(18)
is a representative of the cohomology class of a generator ofH3(Cm,Q/Z) ∼=
Z/mZ.
5.3. Cohomology of a direct product. Let A and B be groups and
DA, DB free resolutions of Z as A-module and B-modules, respectively.
The tensor product bicomplex DADB is defined as the double complex,
where (DADB)p,q := D
p
A ⊗Z DqB with differentials ∂A ⊗ id and id⊗∂B.
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Each (DADB)p,q is a free A × B-module with action (a, b)m ⊗ n =
am⊗ bn for all (a, b) ∈ A×B and m⊗ n ∈ (DADB)p,q. It follows from
the Kunneth’s formula that the total complex
Tot(DADB)n := ⊕p+q=n(DADB)p,q
with total differential ∂Tot = ∂A + (−1)p∂B is a free resolution of Z as
A×B-module.
The horizontal filtration of Tot(DADB), that is,
Fp(Tot
n(DADB)) =
⊕
n1+n2=n, n1≤p
(DADB)
n1,n2,
induces a filtration in group cohomology
Hn = F0(H
n) ⊃ F1(Hn) ⊃ · · · ⊂ Fn−1(Hn) ⊃ Fn(Hn) ⊃ 0,
where Hn = Hn(A×B,M). The inclusion
(DADB)
k,n−k → Fk(Totn(DADB)),
induces and group homomorphism
Pk : grk(H
n(A× B,M))→ Hk(A,Hn−k(B,M)),
see [Lyn48, Theorem 4].
5.3.1. Lyndon’s algorithm. If we take the bar resolutions, we get the
double complex
Cp,q := Map(Ap × Bq, K).
with the usual differentials
∂A : C
p(A,Cq(B,K))→ Cp+1(A,Cq(B,K))
∂B : C
q(B,Cp(A,K)))→ Cq+1(B,Cp(A,K)),
where we identify in the obvious way Cp,q with Cp(A,Cq(B,K)) and
Cq(B,Cp(A,K))).
The cohomology of the total complex Tot(C) := ⊕p+q=nCp,q with
total differential ∂Tot = ∂A+ (−1)p∂B computes the group cohomology
of Hn(A× B,M).
Given an n-cocycle ⊕p+q=nαp,q of the total complex, the associated
n-cocycle of the bar resolution is just
∑
p+q=n αp,q, that is,∑
p+q=n
αp,q(g1, . . . , gn) =
∑
p+q=n
αp,q(a1, a2, . . . , ap, bp+1, bp+2, . . . , bn),
where we adopt the convention that every elements gi ∈ A × B is
written as aibi.
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Let (h, k) be any pair of integers such that 0 ≤ h < k < n; with the
lexicographical order, that is, (h′, k′) < (h, k) if h′ < h, or h′ = h and
k′ < k.
By [Lyn48, Lemma 5.4], if
(19) f(a1, . . . , ah, bh+1, · · · , bk, ak+1, gk+2, . . . , gn) = 0,
for all (h, k), then ⊕p+q=nfp,q ∈ Totn(C), where fp,q := f |Ap×Bq and in
this case
f(g1, . . . , gn) =
∑
p+q=n
fp,q(a1, a2, . . . , ap, bp+1, bp+2, . . . , bn).
Given a standard n-cocycle f ∈ Zn(A × B,M), the following algo-
rithm produces a standard n-cocycle f ′ ∈ Zn(A×B,M) that satisfies
(19) for all (h, k).
Let f be a standard n-cocycle such that
f(a1, . . . , ah′, bh′+1, · · · , bk′ , ak′+1, gk′+2, . . . , gn) = 0,
for all (h′.k′) < (h, k).
Replacing f by f ′ = f + (−1)k∂(p), we obtain that
f ′(a1, . . . , ah′, bh′+1, · · · , bk′, ak′+1, gk′+2, . . . , gn) = 0,
for all (h′, k′) ≤ (h, k), where the (n− 1)-cochain p is defined by
p(g1, . . . , gn−1) :=
f(a1, . . . , ah, bh+1, . . . , bk, ah+1ah+2 · · · ak, gk+1, · · · , gn−1).
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